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Example : elliptic curves

Consider an elliptic curve E/Q of conductor N and root number

¢ = —1. The associated modular form
f:Zanqn,q: e2i7‘[z. (1)
_on
satifies Wf = —f and vanishes at g = e VN,

flq) =0=qg+ag®>+a3¢>+.... (2)



Example : elliptic curves

Consider an elliptic curve E/Q of conductor N and root number

e¢ = —1. The associated modular form
fzzanq",qz Q2imz. (1)
satifies Wf = —f and vanishes at g = ef%,
flq) =0=qg+ag®>+a3¢>+.... (2)

By Hasse, |an| < |00(n)+/n]| < n, so the equality is possible
only if
q 7*(2—q)

ISLM g T g O



b(q)=q*(2-q)/(1-q)"2;
plot(N=.5,40,b(exp(-2*Pi/sqrt(N))))




b(q)=q*(2-q)/(1-9)"2;
plot(N=.5,40,b(exp(-2*Pi/sqrt(N))))

solve(N=.5,40,b(exp(-2*Pi/sqrt (N)))-1)
26.181852174699964975652391885916899331

Theorem
If an elliptic curve has rank r > 1, its conductor satisfies N > 27.



Least conductor : generalize

Degree 2 L-function L(s), one gamma factor I'c(s), conductor
N, weight k and sign €. The (symmetrized) inverse Mellin
transform

x _2m
F(x)=e2) ase n°" (4)

satisfies B
F(x) = eF(—x). (5)

In particular for all 0 < y < %, F(iy) —eF(—iy) = 0.
27 iy

-k
Let t =eY2, g=e vN° , one must have

Y an(tq" —€tq") =0

n>1



Least conductor : generalize

Using
e an| < |oo(n)n"2" | < V/3nt
k| n k .
o ook n |q|" < 95— |q]" = Br(q) if 20y (K +1) > k

" 20y (K+1)
.k _ 27 Gy
one must have (t =eY2, g=¢e VW )

K
|tg—€tq| < Y |oo(n)n'7 | |tq" — €tq"| +2v/3Bk (q)
n=2



Odd elliptic curves
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y =0.1= N > 25.63 better!



Odd elliptic curves

y=02= N > 27.40 . better!



Odd elliptic curves

15124
10

y=03= N >29.77 .. better!



Odd elliptic curves

0.2840]

16234
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y =0.4= N >31.58 ... better!



Odd elliptic curves

-1.7461

y=05= N > 3253 .... better!



Odd elliptic curves

ERCTANS
o

y=06= N >29.57 ... too bad!



Odd elliptic curves

0.4848]

11718
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y=0.7= N> 26.48 .. and worse



Odd elliptic curves

-0.7000p_" [y
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y=08= N >20.81 . and worse



Odd elliptic curves

037453
10

y =09= N > 17.95 and worse



e Equation F(0) =0~ N > 27.
e Equation F(iy) + F(—iy) =0,y = .5~ N >33

Theorem
If an elliptic curve has rank r > 1, its level satisfies N > 33.

(was N > 27 previously)



Automatic results
Plot on y for the least value of N satisfying inequality.

32,043

k=2,e=-1 N2>=33



Automatic results
Plot on y for the least value of N satisfying inequality.

k=2, e=+1 N2>11



Automatic results
Plot on y for the least value of N satisfying inequality.
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k=4¢e=4+1 N2>=5



Automatic results
Plot on y for the least value of N satisfying inequality.

2.865:

1.918¢
o1




Automatic results
Plot on y for the least value of N satisfying inequality.

1.960:

1287
o1

k=8 e=4+1 N>=2



Automatic results
Plot on y for the least value of N satisfying inequality.

k=10,e=+1 ..hum



Bifurcation

the ratio is not monotonous and crosses the 1-axis several times.
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Still the result N > 1.7 is correct, combining several plots.



Results for degree 2

weight k and level N, root number €.
k € bound LMFDB object accurate
2 1 N>1045 11la v
-1 N>3295 37a
4 1 N>463 b54la v
-1 N >1224 13.4.1a v
6 1 N>285 3.6.1a v
-1 N>655 7.6.1b v
8 1 N>195 28.1a v
-1 N>409 58.1a v
10 1 N>137 210.1a v
-1 N>275 3.10.1b v
12 1 « A
-1 N>197 4.121a



k=12 : Ramanujan A function

4236y

x = 0.05/, N > 0.86



k=12 : Ramanujan A function

L
04

x =0.20/, N > 0.88



k=12 : Ramanujan A function

x =0.25/, N > 0.90



k=12 : Ramanujan A function

7541 V
04

x =0.35/, N > 0.93



k=12 : Ramanujan A function

x =0.40/, N > 0.94



k=12 : Ramanujan A function

x =0.45/, N > 0.96



k=12 : Ramanujan A function
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x = 0.50/, N > 0.99



k=12 : Ramanujan A function

x=0.55/,090< N<10lor N>1.18



k=12 : Ramanujan A function

68765 ‘

x =0.60/, 0.84 < N<1.040or N>127



k=12 : Ramanujan A function

x=0.70/, 0.78 < N < 1.12 or N > 1.37



k=12 : Ramanujan A function

58119
04

x =0.80/, N > 0.75



k=12 : Ramanujan A function

x =0.90/, N > 0.74



k=12 : Ramanujan A function

x =1.00/, N > 0.55



k=12 : Ramanujan A function

From an analytic point of vue, it's a miracle that A exists.
It could not for N < .9999, nor 1.00001 < N < 1.37.



General L functions

Dirichlet series L(s) = }_,>1 ann~
gamma factor of level N and degree d

functional equation of weight k
A(s) = L(s)y(s) = eA(k—s)

k-1
Ramanujan bound a, < oo(n)9"tn"2

+ A meromorphic. Here assume holomorphic.



Theta equations

Fourier form B
A(s) = eA(k —s)

if and only if for all x € IR_|_] d7r dn[

where



Inverse Mellin transforms

N3TR(s)

_n,p2
e~ nNX

N3Tc(s)Te(s +v)
Bessel K,

v(s)

N3T¢(s)
21
547_1[7;x] VN

e V¥

More gamma factors (real shifts) now available in Pari/gp
g=gammamellininvinit([0,0,1,1,1])

gammamellininv(g,x)

Conclusion For any L function, easy to produce equations
Y ", anxn satisfied by the Dirichlet series, with x, — 0 exponentially.



Results for weight k=1

Theorem (Smallest discriminants of number fields)

Let K/Q be a number field of signature r, s.

ifr,s =3,0,
ifr,s=1,1,
ifr,s =4,0,
ifr,s =21,
ifr,s =0,2,
ifr,s =5,0,

then |A| > 25;

\
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o

W »p O = = N
o B
Q«.
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"Proof” (case 4,0)

(i (s) = Ck(s)/{(s) is degree 4, weight 1, holomorphic L
function, with (s) = N2Tr(s)*.

10443 T T T T T T L e e

48.44_




Example : weight k=1

First weight 1 L functions

gamma N formulas

0] 5,8, 12, ... (2), (&), (), ..

1] 3,4,7, .. (2), (#), (), ..

0,0] 25, 40, 49, ... (i (28, 0 iy -

0,1 15,20, 23, ... (222), (#22), T oy -

1,1 9,12, 16, .. (‘?)2>, Bxcd) (AxA)

0,0,0] 125, 200, 245, ... 2), (52%8). (8) ¢ X3 peig o
0,0,1] 75, 100, 115, .. ) ( x5 ) ) Cfy iy -
0,1,1] 45, 60, 69, ... (3),2X ) (34285 ( ) Ctapigs
1,1,1] 27,36, 48, ... ('?)3>, <(3)_X4), (3X< 4)° )



Enumerate Dirichlet series

Recall : from the beginning we use

lq| < Z by ‘qk’, where |ax| < by. (8)
k>2

Could push the game further trying values of ay in the left-hand
side...

|q—|—azq2| < Z by ‘qk‘, where |ay| < bk. (9)
k>3

for all values a; € [—by, by].



Enumerate Dirichlet series

goal find all L-functions having specified invariants
input an approximate functional equation }_, a,x, = 0

hypothesis a, € Z + Ramanujan bounds |a,| < bj.

®a=1
M a < [—bz, bz] s.t.

|(a1x1) + axxao| < Bo = b3 |x3|+ ba |xa| + bs |x5| + be |x6| + b7 |x7| +

©® a3 € [—b3, b3] s.t.

|(a1x1 + a2x2) + a3x3| < B3 = ba |xa| + bs |xs| + be |x6| + b7 [x7] +.

o ...



Enumerate Dirichlet series

goal find all L-functions having specified invariants
input an approximate functional equation }_, a,x, = 0

hypothesis a, € Z + Ramanujan bounds |a,| < bj.

®a=1
M a < [—bz, bz] s.t.

|(a1x1) + axxao| < Bo = b3 |x3|+ ba |xa| + bs |x5| + be |x6| + b7 |x7| +

©® a3 € [—b3, b3] s.t.

[(a1x1 + a2x2) + a3(x3 + a2%6)| < B3 = ba |xa| + bs |xs] + -+ b7 |

o ...



More structure on Dirichlet series

Euler product L(s) =1 Fp(p~%) 71
Euler factor F,(T) =1+ cp1T+...T¢

local functional equation

Cpd—j = X(P>P2 (d= 2'1)

with x Dirichlet character modulo N

w

Ramanujan bounds : using |roots| < p2

()

k%H (e—i—d—l)

pellk

WH



Search

Idea

e Explore a tree of Dirichlet series (or local Euler factors)

e Search on Euler coefficients ¢, for e < (or e<d—-1if
p|N).

e Depth-first search (constant in memory)

Examples

gp > 1lfunbuild([[]1,1,[0,1],2,11,1],45,[2])
time = 11 ms.

%1 =101, 1,1, 1,1, 1, 1,1, 1,1, 1, 1, 1, 1]
gp > lfunbuild([([],1,[0,1],2,12,1],45,[2])
time = 11 ms.

%2 = [1, 0, 0, O, O, O, O, O, O, O, O, O, O, O]



Search

Idea

e Explore a tree of Dirichlet series (or local Euler factors)

e Search on Euler coefficients ¢, . for e < g (ore<d—1if
p|N).

e Depth-first search (constant in memory)

Examples

gp> lfunbuild([[],1,[0,1],2,26,1]1,59,[1])
time = 7 ms.
%3 =[1, 3, 3, 3, 2, 26, 4, 15, 5, 2, 2, 2, 2, 12, 2, 2, 2]



Search

Idea
e Explore a tree of Dirichlet series (or local Euler factors)

e Search on Euler coefficients ¢, ¢ for e < (or e<d-—1if
p|N).

e Depth-first search (constant in memory)

Examples

gp> 1lfunbuild([([],1,[0,1],2,26,1],59,[1])
time = 7 ms.
%3 =[1, 3, 3, 3, 2, 26, 4, 15, 5, 2, 2, 2, 2, 12, 2, 2, 2]

the choice of equation is still important !
gp> 1funbuild([[],1,[0,1],2,26,1]1,59,[[.42]11)

time = 7 ms.
» =11, 3,3,2,38,2,4,2,3,2,2,2,2,2,4,2,2]



Program Ifunbuild

Two independant functions
e prepare seach tree

e compute a family of equations

e identify search variables, ranges, search levels in the tree
e craft nice equation for each level
e compute tails B,

e prune tree using depth first search (constant memory)
e startat p=2

e solve |polynomial(ap)| < Bp
e for each possible value ap

® propagate value in Dirichlet series
o recursively descend next level

gp > for(N=10,100,print(N,": ",Vec(1lfunbuild([[],1,[0,1],2,N,1],31,[21))))



Framework

Write k < p¢ if k is p-smooth and p® 1 k.
Assume {ax} known for k < p®. Equation for coefficient ape :

( ) akxk) + ape (Z amxpem) = ) axx

k=<pe m=<p k>—pe

Ramanujan bound |a,| < b, on the tail
~+ polynomial equation |P(ape)| < r
~ solve in integers in [—bpe, bpe].



Framework

Write k < p¢ if k is p-smooth and p® 1 k.
Assume {a,} known for k < p®. Equation for coefficient ape :

Yo awxi | Fape | Y amxpem | = Y akxk
k=<pe m=p k=pe

If e > %, by reciprocity of Fj,(T) all a,¢ in terms of a,j, j < e

Z anXn | + Zap;; Z AamXptm | = Z anXn
n<p¢ (>e m=<p n>p*
Ramanujan bound |a,| < b, on the tail

~+ polynomial equation |P(ape)| < r

~ solve in integers in [—bpe, bpe].




Good and bad tails

Case of polynomial equation of degree 1 :

|50 + aP51| < BP = bP+ |XP+‘ + bP++ |XP++’ +...

|S1| = B, = at most one solution ap.

B> can be studied a priori

e the ratio =
P

usually nice at big prime gaps

can be horrible for twin primes



Combine equations

Combine approximate functional equations :

Xn = (Xn1,---Xnr)

define S =Y, e anXn, T = Ln<pamXpem, and R = (bpXp) 5 p.-
For all A € R",

ISA+a,TA| <|[RA|,

| RA
WA

Can be solved with iterated + weighted least squares.

Choose A to minimize : "least absolute deviations”.




Observations

e Ramanujan A very easy to build (despite kK = 12).

gp > 1lfunbuild([[],1,[0,1]1,12,1,1],100,2)
time = 42 ms.

w1 =101,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1



Observations

e Ramanujan A very easy to build (despite kK = 12).
e Same for higher weight, conductor 1

gp > 1lfunbuild([[],1,[0,1],20,1,1],20,[2],1)

time = 20 ms.
%4 = [[1, 456, 50652, -316352, -2377410, 23097312, -16917544, -383331840, 14033



Observations

e Ramanujan A very easy to build (despite kK = 12).
e Same for higher weight, conductor 1

gp > 1lfunbuild([[],1,[0,1]1,20,1,1],20,[2],1)
time = 20 ms.
%4 = [[1, 456, 50652, -316352, -2377410, 23097312, -16917544, -383331840, 14033

gp > mfcoefs(mfsearch([1,20])[1][2],30)
%5 [0, 1, 456, 50652, -316352, -2377410, 23097312, -16917544, -383331840, 140

For N = 66, k = 2 and central character y = (=), a match

exists for the 71 first primes, then disapears.



Observations

e Ramanujan A very easy to build (despite k = 12).

e May need many equations to cancel tail (here 11a%2)
=96) "2 match
is trivial

e For N =66, k = 2 and central character x = (

exists for the 71 first primes, then disapears. (=22)

up to p =19, and 71(19%) = 72



Observations

Ramanujan A very easy to build (despite kK = 12).

May need many equations to cancel tail (here 11a%2)

For N = 66, k = 2 and central character xy = (=%°), a match

exists for the 71 first primes, then disapears.

Modular forms expansions 805b and 805c start to differ at
primes 11 and 13, with values exchanged



Conclusion

ToDo

work still in progress... [bugs, precision]

e optimize equations
e try other sources of equations

e write tree search in ball arithmetic (Arb)

Goals

e compute interesting examples.
Challenges : Tc(s —6)T'c(s), k =20, N =1, a =0...
e prove nothing exists outside what is expected

e fill missing bad Euler factors rigorously (e.g. symmetric
powers)



	Explicit formula type results using theta equations

