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If you prefer an exercice

o Lot P(X) = 4k2X3 — b2 X2 — (2bby — 4k2)X — (b2 — 20k?).

~ Then P(X) € Ql[k, b, b1][X] is irreducible.

Forall k € Z* and by, b; € Z, P(X) is irreducible in Q[X]?

Remark : false is we take

42 X3 — bIX? — (2boby — 4K*) X + (b3 — 20k?).
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e Family of elliptic curves: an elliptic curve over Q(T).
F:Y?2= X3+ (1) X% + au(T)x + a6(T), with oy (T) € Z[T7,
non-isotrivial.

~» r € N the rank Q(T).

e Specialization: for all but finitely many ¢ € Z, F(t) is an e. c. over Q:
~ r(t) the rank of F(t) over Q.

Goal: study F when deg a;(T') < 2.
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F:Y?2= X3+ (1) X%+ au(T)x + a6(T), with oy (T) € Z[T).

o If deg o;(T") < 2 then F is a rational elliptic surface.
Shioda-Tate’s formula gives:

Py =8 = D _(my = 1),
where m, is the number of irreducible components in v.
Here, we consider
F:Y?2= X34+ ao(T)X? + ay(T)x + ag(T), with dega;(T) < 2.
o We write
F:Y?=AX)T?+ B(X)T + C(X), with A, B,C € Z[X],
etdegA,B <2etdegC — X3 < 2.

~ Using Nagao’s formula, we obtain a close formula for » in function
of A, B and C. And we find r points naturally.
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Moral result
F:Y? = AX)T? + B(X)T + C(X), withA, B,C € Z[X].
This gives

B(X)\®> B%(X)-4A(X)C(X)
)) - 4A(X)

Observation

If p € Q is such that:
(i) pisarootof A := B*(X) —4A(X)C(X) ;
(i) A(p) = L*(p) € (Q(p)*)?;

Then

P = (p.20) (T+ 535 ) ) € F@AD)).

~ Trace of P(p) on F gives P, € F(Q(T)).

If A(p) = B(p) = 0and C(p) = L(p)?, consider P(p) = (p, L(p)).
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Moral (but false) result
If ged(A, B) = 1 then r < #{[p]: A(p) = 0 et A(p) € (Q(p)*)*}-

False: if A= k? € Q* then for n, = ord,(B? — 4k*C) we have
Z in[p] = Z TLPP
[p] P

indeed Y 1,[P(p)] — d[O] is a divisor of ¥ — kT — ZLX).

Notations:

e A* is the radical of A (so A*is squarefree) ;

o Q)(A) is the number of irr. factors of A with multiplicities ;

o Ma 4 =resy (A(Y),X? — A(Y));

¢ [J(-) is the characteristic non-zeros squares where - naturally lives.

Proposition

If ged(A, B) = 1 then
#{lol: A%(p) = 0 et O(A(p)) = 1} = Q(Ma- a) = QA") -2

If P(A) divides A* for a P of degree 2.
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The theorem

e Nagao’s conjecture, proven by Rosen and Silverman for rational
elliptic surfaces, gives:

log @ z)t? + B(x)t + C(z)
r=gm LS DY S (A ).

p<Q z mod pt mod p p

Using

~ Weil’s bound;
~ Arithmetic;
~ Resultant;
~ Calculation;

we generalize the work of Arms, Lozano-Robledo and Miller and we
obtain
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Theorem

r = Q(Ma-a)—QUAY)—DO(A4) —Taa
(2deg(ged(A, B)*) — Q(Mgeaca,B)+,c) + Ygcd(a,B),c)
(2deg(ged(A, B,C)*) — Q(ged(4, B, C)*))

where T p o small, explicit and often 0.

0¢(1 = 6u + O(u) — O(uDp,)) sideg(P1) =2and P (X) = Q(X)P1(X) + (tX +
w)witht,u € Q,0 # Q € Q[X];

Tow 4+ 2 - sideg(P1) = 4, deg(P2) = 2 and

Tp,p = UMu,w) + QU(?)) — Pi(X) = U(Py(X)) foraU € Q[X] and where
QU w2;§p2 ) W(X):=4sX>+ Dp, X ;

0 otherwise.

with D p the discriminant of P and s leading coefficient of Ps.
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Theorem

r = Q(MA*’A) — Q(A*) — D(A) — TA.A
(2deg(ged(A, B)*) — Q(Mgeaa,y+,c) + Yged(a,B),c)
(2 deg(ng(A7 B, C)*) - Q<ng(A7 B, C)*))

where T p o small, explicit and often 0.

~+ Algorithmic and explicit result

If A= 0then
r=Q(Mp-c)— QB*) —2deg(ged(B,C)*) + Q(ged(B,C)*) — Tp.c.

If A€ (Q*)%thenr =Q(A%) - 1.

We have r < deg(A*) < 5 and all the rank are possible.
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A(X) = X(X — 1) + k7,
2(by + b2)(m3 — 1)>B(X) = 2((m3 — 2mj + 1)b3 + (mj — 2m3 + 1)bybs) X° +
2((m3 — 2m3 + 1)bibs 4 (my — 2m3 + 1)b7) X +
—4(m3 +2m2 + k' — 8(m3 4+ mg)k® +
2((m3 — 2m3 + 1)b5 + (mj — 2mj + 1)bibs — 2m3)k” +
— ((m3 — 2m3 4+ 1)b3 + 2(mjs — 2mj + 1)biba + (m3 — 2m3 + 1)b3)
B(X)? +4X(X = (X = r3)(X = ra)(X = 5)

X) =
c(x) ey :
where r3 = 72’1”5’7’;?, ry=1-rzyandrs = 72;”5’;%1.

With ms5 = % and

p= 4(771;l + 2m§ + l)k4 + S(mg + mg)k3 + 4m§k2
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A(X) = X(X — 1) + k2,
2(b 2 2 _ 4 2 2 4 2 2
(b1 + b2)(m3 — 1)"B(X) = 2((mg3 — 2m3 + 1)b; + (my3 — 2m3 + 1)b1ba) X~ +
2((m3 — 2m3 + 1)bibs 4 (my — 2m3 + 1)b7) X +
— 4(m§ + 2m§ + 1)lc4 — 8(m§ + Tns)k3 +
2((mjs — 2m3 + 1)b3 + (m3 — 2mj + 1)biba — 2m3) k> +
— ((m3 — 2m3 4+ 1)b3 + 2(mjs — 2mj + 1)biba + (m3 — 2m3 + 1)b3)

c(x) = BEY +4X(X = DX = r5)(X = ra)(X —7s)

1A(X) :
where 3 = %28l 7y =1 — 3 and rs = 2Pl

With ms5 = % and

p= 4(m;l + 2m§ + l)k4 + S(mz + mg)k3 + 4m§k2
g = —2((ms — 2mj + 1)b3 + 2(m3 — 2m3 + 1)bibs + (my — 2m3 + 1)b7 )k +
+ (mh — 2m3 4 1)b2 + 2(m3 — 2m2 + 1)bibs + (mj — 2m32 + 1)b7.

2 N 2
We have A(r;) = (“*mﬁ)k*ml) .

2
1—m;
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Application: A = k?, F: Y? = k*T? 4+ BT + C

o r = Q((B? — 4k2C)*) — 1.

Let C: Y2 = C(X) an elliptic curve defined over Q such that
C(Q) = {O}. Then, for all B of degree < 2 and all k € Z*, the
polynomial B2 — 4k2C' is a power of an irreducible polynomial.

e(C:Y?= X3+ X + 5 has rank 0 and no nonzero torsion point, so
P(X) = 4k*X3 — b3 X? — (2bpby — 4k*) X — (b2 — 20k?)

is irreducible for all k € Z* et by, by € Z.
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Application: finding rank and rational points.

If P € F(Q(T)), we can compute the trace P efficiently (Thanks to
Nicolas Mascot).

Let
E:Y?=C(X)=X?+aX?*+ a1 X + ag

an elliptic curve over Q.

~ Search A, B € Q[X]| st F: Y2 = A(X)T? + B(X)T + C(X) has
rank » > 1 and compute a point P.

~+ Take T'= 0. Generalization of brute force search (take A = 0 and
B = b X + b).

Variant: if we know (zo,y0) € E(Q), search A, B € Q[X] on the form

A = (alX +a0)2
B = (X — l’o)(le + bo) + 2((111‘0 + ao)yo

st F: Y2 =A(X)T? + B(X)T + C(X) has rank > 2.



